Periodically driven, or Floquet, quantum systems provide a promising platform to investigate novel physics out of equilibrium but the drive generically heats up the system to a featureless infinite temperature state. For large driving frequency, it is predicted that the heat absorption rate is exponentially small in driving frequency, giving rise to a long-lived prethermal stage which exhibits all the intriguing properties of Floquet systems. Here we experimentally observe the Floquet prethermal phenomena using nuclear magnetic resonance techniques. We demonstrate a far-fromequilibrium initial state relaxes to a long-lived prethermal state well described by a time-independent "prethermal" Hamiltonian. We observe the exponentially slow heating via measuring the autocorrelation of this prethermal Hamiltonian operator. Furthermore, we provide evidence that the system is approaching an infinite temperature state as a result of the slow heating from both experiments and simulations. More strikingly, we find that in the timescale when the effective Hamiltonian picture breaks down, the Floquet system may still possess other quasiconservation laws. Our experiment not only boosts the fundamental understanding of quantum thermalization in driven systems, but also demonstrates the possibility to observe non-trivial Floquet phases of matter and realize robust Floquet engineering in the prethermalization regime.
I. INTRODUCTION
Driving quantum systems out of equilibrium reveals new perspectives for physics beyond equilibrium statistics [1] . In particular, periodically driven, or Floquet, systems have received great attention due to their similarities to equilibrium systems. If observed only stroboscopically, a Floquet system can simulate a timeindependent Hamiltonian that might not be otherwise directly accessible, ultimately enabling universal quantum simulation via the Trotter-Sukuzi scheme [2] [3] [4] [5] [6] [7] [8] . Applications range from modifying the tunneling and coupling rates [9] [10] [11] , to inducing non-trivial topological structures [12] [13] [14] [15] and creating synthetic gauge fields [16] [17] [18] [19] . More strikingly, Floquet systems exhibit novel phenomena that have no static counterparts, including discrete time crystalline phase [20] [21] [22] [23] [24] , dynamical localization [25, 26] and dynamical phase transitions [27] .
However, a generic interacting Floquet many-body system absorbs energy from the drive and is expected to heat up to infinite temperature, thus smearing out all the interesting phenomena [28] [29] [30] . Many-body localization [21, [31] [32] [33] [34] [35] and dynamic localization [36] [37] [38] provide a way to escape the thermalization fate (as well as some fine-tuned driving protocols [39, 40] .) More generally, Ref. [41] [42] [43] have theoretically shown that the dynamics of a Floquet system under rapid drive (fast compared to * paipeng@mit.edu † P.P. and C.Y. contributed equally to this work. ‡ pcappell@mit.edu any local energy scale) is approximately governed by a time-independent effective Hamiltonian up to a correction that is exponentially small in the driving frequency. This property is generic to any system with local interactions, without requiring a disordered field or fine-tuned parameters. The presence of such an approximate timeindependent Hamiltonian results in a two-step thermalization process. First the system reaches a steady-state of the effective Hamiltonian (called "prethermal Hamiltonian"), a process known as "prethermalization"; then, the small correction fully heats up the system to infinite temperature, but in a timescale that is exponentially long. What distinguishes the prethermal steady-state from the final thermal state is that it possesses emergent quasiconserved quantities or symmetries, such as energy conservation due to the effective Hamiltonian [41] and Ising symmetry [44] . These quasiconserved quantities demonstrate extraordinary robustness in quantum simulation [36, 37, 40, 45] , and the emergent symmetries set the foundation of Floquet phases [23, 24, 44] .
This Floquet prethermalization process, featuring exponentially slow heating, has been confirmed numerically in several Hamiltonian models [23, 46, 47] , but an experimental study is still missing. In this paper, we experimentally observe the Floquet prethermalization process in a natural nuclear spin system by developing nuclear magnetic resonance (NMR) techniques to tune the driving frequency, while keeping experimental errors constant. The nuclear spins' long coherence time and their accurate radio-frequency (RF) control enable us to resolve the exponentially slow heating rate in strongly interacting Floquet systems.
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We investigate the heating rate from the prethermal state by measuring autocorrelations of quasiconserved quantities. We consider two spin models and two different types of conservation. We first study the prethermal energy as the quasiconserved quantity. For both models, we experimentally find that the autocorrelation decay rate is indeed exponentially small in the driving frequency. We further provide evidence that, in the slow thermalization process, the system does approach an infinite temperature state by studying the time scaling of experimental data, and the system-size scaling of numerical data. Intriguingly, in one of the models a second quasiconserved observable displays an even slower heating rate than the prethermal energy, indicating that emergent symmetries and associated Floquet phases may exist beyond the effective Hamiltonian picture.
II. EXPERIMENTAL SYSTEM AND FLOQUET CONTROL
The experiments are conducted on nuclear spins in fluorapatite (FAp) [48] , an experimental system recently used to show many-body localization [49] and static prethermalization [50] . The 19 F spins-1/2 form linear chains in the crystal and interact with each other via magnetic dipolar interaction. A single crystal is placed in a 7 T magnetic field at room temperature. In such a strong magnetic field the interaction Hamiltonian for the 19 F spins is given by the secular dipolar Hamiltonian H Dipz = J 0 D z , where D z = j<k 1 2 3S j z S k z − S j · S k /r 3 jk , with r jk = |k − j| the normalized distance between two spins and J 0 = −29.7 krad/s the nearest neighbor coupling strength. Here S j α (α = x, y, z) are spin-1/2 operators of the j-th 19 F spin and S j = (S j x , S j y , S j z ) T (see SM D 1 for more details). In the short timescale, the system can be approximated as an ensemble of identical spin chains [51] [52] [53] , because the interchain coupling is ∼ 40 times weaker than the intrachain coupling. The NMR signal is summed over a macroscopic number of chains in the crystal. The average chain length L is larger than 50, much longer than the extent of correlations in the experiments. The large system size is crucial to studying the thermalization process that only happens in the thermodynamic limit. On the timescales explored the 19 F spin system can be considered a closed system, as the coupling to 31 P spins in the lattice is refocused by the applied control, and the spin-lattice relaxation effects are negligible (T 1 ≈ 0.8 s). Such a long coherence time allows us to resolve the exponentially slow heating rate. We can thus model the 19 F spins by the closed quantum dynamics of spins interacting via dipolar couplings. While the corresponding 1D, nearest-neighbor XXZ Hamiltonian is integrable [54, 55] , the dipolar Hamiltonian can lead to diffusive [56] and chaotic behavior [57] in 3D.
The initial state of a room-temperature NMR exper-iment with L spins is described by the density matrix ρ 0 ≈ (1 − Z)/2 L , with ∼ 10 −5 and Z = j S j z the collective magnetization operator along z-axis. As the identity operator describes a totally mixed state that does not produce any NMR signal, we only care about the deviation δρ 0 = Z. The NMR spectrometer measures the collective transverse magnetization, but with collective, local control we can measure the magnetization around any axis. In addition, the Jeener-Broekaert pulse pair [58] can be used to evolve collective magnetization into the dipolar ordered state, D z , plus some highly correlated operators which do not show up in local measurements. Then, both the initial state δρ 0 and the observable O can be chosen to be the collective magnetization operator j S j α or dipolar order operator D α = j<k 1 2 3S j α S k α − S j · S k /r 3 jk with α being an arbitrary direction. The signal we measure can be rewritten as the two-point correlation at infinite temper-
That is, we are effectively measuring the correlation of a system at infinite temperature where (the deviation of) the density matrix becomes the time-dependent observable. In the following, we drop the subscript β = 0 for brevity.
To probe Floquet prethermalization, here we focus on the simplest Floquet scheme with a periodically alternating propagator U F = e −iH2τ e −iH1τ . Specifically, we consider the kicked dipolar model (KDM), where H = JD x . Here J and h are the strength of the dipolar interaction and the collective z-field respectively. As we will show, the kicked dipolar model presents two quasiconserved quantities: prethermal energy and dressed dipolar order, while the alternating dipolar model only displays energy quasiconservation. We can then perform a systematic comparison of Floquet heating in different models and for different observables.
We note that typically J is fixed by the system properties (here the crystal lattice), and probing Floquet thermalization requires varying the time τ , which introduces undesired effects from, e.g., decoherence in practical (open) experimental quantum systems. To overcome this issue, in our experiments we engineer JD x,y by modulating the natural dipolar Hamiltonian H Dipz = J 0 D z with 16 strong RF pulses [49, 50, 59, 60] that approximate the desired Hamiltonian up to second order Magnus expansion (see SM D 3). Then, to investigate different driving frequencies, we can vary the effective dipolar interaction strength J by changing only the relative delays within the sequence, while keeping the sequence length fixed, τ = 120 µs. The advantage is that the total experimental time nτ and number of pulses 16n are kept constant for different driving frequencies, Jτ (here n is the number of sequence repetitions). As a result, the effects of decoherence and control errors do not change when varying Jτ (see Appendix A for experimental confirmation). This allows us to isolate Floquet heating due to the coherent quantum evolution from the presence of experimental imperfections. We note that a variable-strength kicking field, hZ, can be introduced by phase-shifting all pulses by an angle hτ without physically applying a field [50] , an extremely robust experimental method. In the following we fix h/J = 1. 
III. FLOQUET PRETHERMALIZATION
For a generic periodic Hamiltonian
where T is the time-ordered operator and H F is the Floquet Hamiltonian. In the small τ limit, it is useful to expand H F into powers of τ using the Floquet-Magnus expansion [61, 62] 
where Ω m involves m nested commutators, e.g.,
]. In interacting many-body systems the expansion typically diverges [17, 62] , indicating there is no energy conservation and the system eventually heats up to infinite temperature. Still, references [41, 43] report that a trun-cated expansion
would capture the Floquet Hamiltonian with an exponentially small error H F − H pre = δH < exp (−O(1/τ )) (here ||·|| denotes norm of local terms). Then, the system dynamics is governed by this truncated Floquet Hamiltonian up to an exponentially long time t * = exp(O(1/τ )), before finally reaching infinite temperature. The typical thermalization process for an observable A(t) is shown in Fig. 1(a) . In a time t pre on the order of 1/ H pre , A(t) thermalizes to its canonical ensemble value as defined by the prethermal Hamiltonian Tr Ae −βHpre /Z, with the partition function Z = Tr e −βHpre and β determined by the initial state energy. After this transient process, A(t) decays under the influence of δH and the effective Hamiltonian picture gradually breaks down. Finally, the system thermalizes to infinite temperature in timescale t * .
To demonstrate this behavior experimentally, we consider the dynamics of δρ ∝ Z in the kicked dipolar model. According to the eigenstate thermalization hypothesis [63] , the initial state 1 − δρ should quickly thermalize to 1 − H pre ≈ 1 − H, where for KDM
We plot the ratio of the experimentally measured two-point correlators Z(n)Z and Z(n)D y in Fig. 1 . Here and hereafter, we use O(n) to denoted the operator O evolved for n Floquet periods, i.e. O(n) = (U F ) n O(U † F ) n . We take the ratio because it is insensitive to signal decay due to experimental imperfections (Appendix A) and it is independent of . For fast driving, Jτ = 0.35, the ratio first oscillates and then stabilizes at the expected prethermal value,
202 the Riemann zeta function. For slightly larger period, the ratio still stabilizes, but its long-time value deviates from 8/3ζ(3) due to the presence of higher order terms in H pre . The slow decay induced by the error term δH is not evident in the ratio shown in Fig. 1(b) . To see exponentially slow heating we need to look at the conserved quantities of H pre .
Since the periodic Hamiltonians we study in this work are piece-wise constant, we can further analyze the Floquet approximation using the Trotter-Suzuki formalism. In the Trotter-Suzuki decomposition, evolution under H for a time τ can be approximated by decomposing H into l easily implementable operators (here l = 2) and sequentially applying H 1 , H 2 , · · · , H l for a time τ . To reach longer times t, the sequence is then repeated n = t/τ times. The Trotter error quantifies the difference between the Trotterized propagator U Tr (t) = (e −iH l τ · · · e −iH2τ e −iH1τ ) n and the target U (t) = e −iHt . The error satisfies the bound [3] where the supremum A sup is the maximum expectation value of A over the states of interest (typically, local states). In the small τ limit the error scales as nτ 2 for generic states. The Trotter error of the propagator carries to that of the observable O which also scales as ||O Tr (t)−O(t)|| sup ∼ nτ 2 . However, Floquet prethermalization indicates that the conserved quantities of H pre should exhibit a much smaller Trotter error, scaling as n exp(−O(1/τ )).
IV. FLOQUET HEATING: BREAKDOWN OF ENERGY CONSERVATION
Here we experimentally study the heating rates of the quasiconserved quantities and their scaling with Floquet period. An obvious conserved quantity of H pre is the Hamiltonian itself. We thus study this prethermal energy quasiconservation to reveal the prethermal phase and investigate the eventual heating to infinite temperature.
A. Breakdown of energy conservation
In experiments, since the higher order terms in Eq. 2 are not accessible, we measure the average Hamiltonians H, which serve as a good approximation to H pre . Because of this difference, we still expect a transient over a time ∼ H pre −1 , where the average Hamiltonian thermalizes to the prethermal Hamiltonian, and its autocor-relation H(n)H reaches a nonzero prethermal value. In this prethermalization process the exponentially small error between H and H pre can be ignored. At longer times, the exp (−O(1/τ )) error leads to a slow decay from the prethermal value and the autocorrelation vanishes when time goes to infinity.
In the kicked dipolar model, the average Hamiltonian H −JD z , whose autocorrelation is directly measurable. The experimental results are shown in Fig. 2(a-b) . The initial damped oscillation signals the prethermalization process of H(n) under H pre . This prethermalization stage is followed by a slow exponential decay as a result of heating. We plot the long-time fitted decay rates of the autocorrelations in Fig. 2(c-d) . The results do show an exponentially slow heating on top of a constant background decay (due to experimental imperfections such as decoherence, pulse imperfections, and higher order terms in engineering the dipolar Hamiltonian JD y ). By normalizing the data to the data collected under the fastest drive (Jτ = 0.35), the background decay is cancelled, and the resulting dynamics only arises from the coherent evolution, as shown in Fig. 2 (e-f). Here we show the autocorrelation after the prethermal transient dynamics, as a function of the driving rate, Jτ . While the autocorrelation is close to 1 for small Jτ , it decays to zero for larger Jτ due to the presence of higher orders in H pre and the ultimate breakdown of the prethermal Hamiltonian picture. Thus, these plots [36] directly reveal the Trotter error due to the deviation of the prethermal Hamiltonians from the fast driving limit. While it generically scales as n(Jτ ) 2 , the Trotter error for quasiconserved quantities grows only exponentially slow in (Jτ ) −1 . Indeed, if there were no Floquet heating, then the curves in Fig. 2 (e-f) would not change in n. However, the curves drop slowly when increasing n, qualitatively indicating that the system is still absorbing energy from the driving, and evolves toward the fully thermalized state at infinite temperature. While it is not possible to fully characterize the final state, in the following we show how to better quantify this thermalization process.
B. Toward the fully thermalized state
Although it is generally believed that Floquet manybody systems should heat up to infinite temperature, some numerical works [36, 37, 40, 45] have found signs of non-thermal behavior in various models. Here we provide evidence of thermalization in the long-time limit and thermodynamic limit, experimentally and numerically. In experiments, the system size is large enough to access the thermodynamic limit, but the evolution time cannot be too long due to hardware limitation. Conversely, we can access the infinite time limit in simulations using exact diagonalization, but only for small system sizes.
To quantify the final thermalization process, we define a critical value J c such that when Jτ > J c τ the system is thermalized for a given number n of periods, or system size L. Studying the scaling of J c as a function of time (experimentally) and system size (numerically) provides hints on the long-time, thermodynamic limits. In practice, we choose J c τ as the point where the Trotter error curves [ Fig. 2 (e-f), see also Fig. 4(c) in the next section] drop below a threshold value. The threshold is set to 0.5, but any other reasonable choice does not change the qualitative result. We linearly interpolate between data points to get J c τ for every quasiconserved quantity and plot them against n in Fig. 3 . The decrease of J c τ with n indicates that even the quasiconserved quantities decay to zero as the system thermalizes to infinite temperature. Note that although J c τ for H (K) (n)H (K) shows only a moderate dependence on n [ Fig. 3(a) ], its decay is still larger than experimental uncertainties. Numerically, we calculate the infinite-time autocorrelations for the quasiconserved observables, as shown in Fig. 3(b) . Since finite systems cannot always absorb energy from the driving [38] , the autocorrelations at infinite time do not go to zero for small Jτ . From a mathematical point of view, this means the truncation order in the Magnus expansion (Eq. 1) m 0 L so the higher order nested commutators in the Magnus expansion are not evident in a finite system. To quantitatively study this finite size effect, we again extract J c τ for the three quasiconserved quantities for different system sizes [ Fig. 3(c) ]. J c τ decreases when increasing the system size, suggesting this non-thermalizing behavior should not persist to the thermodynamic limit [64] .
V. ROBUST QUASICONSERVED QUANTITIES
It is interesting to investigate whether the behavior described previously is limited to energy quasiconservation, or if it occurs for other, non-trivial quasiconserved observables. Intriguingly, we find that such quasiconserved quantities not only exist, but can be even more robust than the prethermal energy.
Generalizing the method developed in Ref. [43, 44] , we theoretically find that the kicking Hamiltonian H . Therefore, for small τ and large enough ratio h/J 0.5 we also expect to observe quasiconservation of the prethermal observable D pre = e −SD e S , which to leading order is −D z /2 (see Appendix C for more details), therefore we refer to this quasiconservation law as dressed dipolar order.
We experimentally measured the autocorrelation of D z [ Fig. 4(a) ], whose decay rate can be fitted to a constant background decay plus a term exponentially slow in Jτ [ Fig. 4(b) ]. Surprisingly we find that, compared with
, not only D z has an overall smaller decay rate, but the decay rate even shows a slower scaling with Jτ . Therefore, for relatively large Jτ , D z is conserved for longer times than the H (as also confirmed numerically in Appendix C). In other words, there is a regime where the stroboscopic evolution can no longer be described by a static prethermal Hamiltonian, but still exhibit emergent symmetries, here the dressed dipolar order. The reason is that the right-hand side of Eq. 4 still describes a Floquet system which might not be described by a static Hamiltonian for relatively large τ . The crossover from small to large Trotter errors is shown in Fig. 4(c) , which shows that the Trotter error for this quasiconserved quantity D z is smaller than for the average Hamiltonian H (K) .
VI. CONCLUSION
Periodic driving is a powerful tool for quantum simulation and to induce novel phases of matter due to the Floquet dynamics. Whether such phases and engineered Hamiltonians can survive for long-enough times to allow interesting quantum simulations is a critical question for practical applications. Conversely, the final fate of the system, whether it thermalizes to infinite temperature, is a central issue in quantum thermodynamics. Here we studied Floquet prethermalization and heating in an interacting many-body system provided by a solid-state NMR quantum simulator, introducing a control protocol that can isolate Floquet effects from other experimental imperfections and decoherence. We first observed the dynamics of a non-equilibrium state and showed that it indeed relaxes to a long-time steady state given by the canonical ensemble of the prethermal Hamiltonian. By measuring the dynamics of prethermal quasiconserved quantities, while keeping fixed experimental imperfections, we reveal that the system further thermalizes to a final infinite temperature state with an exponentially small heating rate. We measured the autocorrelation of two types of quasiconserved quantities, the prethermal Hamiltonian H pre and the dressed dipolar order D pre to leading order. Both exhibit heating rates that scale exponentially in the driving frequency, although the exact behavior differs for different models and observables. In particular, the heating rate of D pre is surprisingly smaller than H pre , suggesting that Floquet systems may exhibit conservation laws even when the dynamics can no longer be described by a static Hamiltonian.
Our work not only provides experimental evidence of Floquet prethermalization theory, but also opens up new avenues for robust Floquet engineering and long-lived Floquet phases of matter In the main text we measured the Floquet heating for a periodic, Hamiltonian switching scheme. While it would be easy to change the period by increasing the time between switches, this would lead to experiments performed with different total times or a different number of control operations. In turns, this can introduce variable amount of decoherence and relaxation effects, and of control errors. Instead, we kept the time for one Floquet period constant and used Hamiltonian engineering to vary the Hamiltonian strength in order to vary the Floquet driving frequency.
One of the assumption in our work is that the background decay rate does not change much with driving frequency (compared to the change in Floquet heating rate). In this section we provide experimental evidence for this assertion. When changing driving frequency, we are changing (i) the effective strength J of the engineered dipolar interaction JD y and (ii) the kicking angle in the kicked dipolar model by a phase shift (see D 3). As phase shift angles are usually very accurately implemented in NMR experiments, we focus on the engineered dipolar interaction, which is obtained by Floquet engineering itself, as explained in D 3. To quantify how good is the engineered JD y , we measure Y (n)Y and D y (n)D y under the engineered Hamiltonian JD y , without kicking field nor direction alternation, as shown in Fig. 5 . Qualitatively, we observe that the decay rate decreases when increasing Jτ , while the decay rate when performing Hamiltonian switching [ Fig. 2(c-d) and Fig. 4(b) of the main text] increases with Jτ . This opposite trend even strengthens our conclusions in the main text: (i) the decay of autocorrelations is indeed due to Floquet heating, but not to experimental errors, (ii) the decay rate curve shown in Fig. 2(c-d) and Fig. 4(b) should be steeper, thus further isolating the exponential scaling from other possibilities (e.g. quadratic prethermalization due to first order perturbation), (iii) the change of Floquet heating rate is more evident in magnetization than in dipolar state, thus our conclusion that the D z quasiconservation lives longer than H (K) = hZ + JD y is even stronger. Note that the maximum difference between the decay rate of D y (n)D y over the range of Jτ considered is ∼ 0.003, much smaller than the Floquet heating rate in the main text. A quantitative analysis is challenging because the specific form of error terms is unknown, and JD y is an interacting Hamiltonian thus error accumulation is intractable. Here we use some simple arguments to argue that variations in the background decay with Jτ have little to no influence on our results. First we note that while in the main text we are interested in the decay of the autocorrelation of H pre and D pre , here with H = JDy we can only discuss the decay of D y and Y , since other quantities that are not conserved display very fast decay which is not informative. For example, in the main text we measure D z , which thermalizes even under the ideal D y and thus we cannot distinguish thermalization from decay due to experimental imperfections in the engineered dipolar Hamiltonian D y . Still, as D z and D y overlap, if the background decay of D z had a significant change with Jτ , it would be reflected in D y , which is not observed. Therefore, we expect the change in the background decay rate for D z (n)D z to be small as well.
Here we can only probe the background decay rate of Y , while in the main text we are interested in the longitudinal magnetization, Z, that appears in H (K) (n)H (K) [see Fig. 2(b) ]. The transverse magnetization decay rate is however a upper bound for Z, since in NMR experiments Z is usually more robust against errors than Y due to the large magnetic field in z-axis that suppresses decoherence and experimental errors that do not conserve the total Zeeman energy (we note that we typically do not explicitly write the Zeeman energy in the Hamiltonians as we work in the rotating frame). Even if the variation in the background decay for Z were as large as what observed for Y in these experiments (∼ 0.009), it would still be still small compared with Floquet (see inset of Fig. 5 ).
In addition, in the kicked dipolar model, we can consider D y as being subjected to rotations along Z that further cancel out the error terms in the engineered JD y that do not conserve Z. As a result, the decay rate of Y due to the engineered D y is larger, by about a factor of 2, than the baseline decay of H (K) (n)H (K) in the kicked dipolar model (they are 0.254 and 0.123, respectively, in the fastest driving case Jτ = 0.35). 
Appendix B: Magnus expansion in τ
Here we provide numerical results about the performance of the Floquet-Magnus expansion and the resulting quasiconserved quantities. We numerically calculate the expansion
m 0 ∝ 1/(Jτ ) when Jτ is small [41] and due to limited computational resource we can only calculate the above expansion up to m = 10. To evaluate the truncated expansion performance we use two independent metrics: expansion convergence and energy conservation.
For the first metric, we plot the Frobenius norm of each order (normalized by L2 L ), Ω m , in Fig. 6(a) and (d) for the two models studied. Here and in Appendix C we assume nearest-neighbor interaction for simplicity and the results do not change qualitatively if we consider 1/r 3 as in experiments [24] . We find that, up to the computationally accessible order, the norm of Ω m decays exponentially, indicating that H pre converges when τ is small. From the slopes in Fig. 6(a) and (d) , we get radii of convergence Jτ > 3 for both models. In Fig. 6(b) and (e), we compute the infinite-time autocorrelation H pre (∞)H pre ≡ lim T →∞ T t=0 H pre (t)H ore truncated at some order in a finite system. In practice we calculate H pre (∞)H pre using diagonal ensemble instead of evaluating the integration explicitly because two methods give the same results in the thermodynamic limit. If Jτ is small, the normalized infinite-time autocorrelation approaches 1 exponentially with increasing order (note that here the infinite-time correlation is nonzero because L = 12 is too small to exhibit final thermalization). Instead, for larger Jτ (Jτ = 1 for example), the infinite-time correlation stops to converge at some order. For even larger Jτ (Jτ > 1.4) the infinite-time autocorrelation is almost zero. We plot the infinite-time autocorrelation of H pre evaluated to 7 th order versus Jτ in Fig. 6(c) and (f) and show how it changes with system size. Although in the L → ∞ limit the correlation should all drop to zero, the drop with increasing system size is evident for Jτ 1.2 in both models, suggesting that for the system size we explore the effective Hamiltonian picture already fails in the above parameter space.
Appendix C: Prethermal expansion due to kicking field
Using the method developed in Ref. [43, 44] , we theoretically find that the kicked dipolar model leads to additional prethermal quasiconserved quantities featuring exponentially slow heating. In this model, it is possible to write the Floquet operator with a local unitary transformation e S e −ihZτ e −iH1τ e −S = e −ihZτ e −iτ (D+δH) , whereD commutes with the field hZ and δH is exponentially small in min{O(h/J), O(1/hτ )}. Thus,D in the rotated frame is exponentially conserved, yielding a prethermal quasiconserved quantity D pre = e −SD e S in the original frame.
To find the desired S, we first write the transformation in the equivalent form
where we drop the tilde on top of Z because the two have the same matrix representation [65] . Here = 1 is the case at hand, but we will evaluate Eq. C1 as a perturbation in the small parameter ≤ 1. In particular, we set both hτ and J/h to be small numbers of order . After expanding the operators,D = D 1 + 2 D 2 + · · · , S = S 1 + 2 S 2 + · · · , one can collect terms that are of order j on both sides of Eq. C1, using the Magnus expansion to evaluate the products of exponentials. The j th order is given by
where h j only contains −ihZτ , −iH 1 τ and S j with j < j − 1. The first few orders can be written explicitly,
, · · · , while higher orders can be found recursively. Assuming all orders S j with j < j − 1 are known (which is trivially true for j = 2), we determine S j−1 from Eq. C2 by requiring [S j−1 , −ihZτ ] to cancel the terms in h j that do not commute with Z. Truncating the expansion so it remains convergent and local leads to the exponentially small residual δH.
Here we explain in detail how to obtain S j−1 from Eq. C2. We first decompose h j = q=0,±1,··· h jq such that [Z, h jq ] = qh jq (h jq are called the q th quantum coherence of Z [49, 66, 67] .) Eq. C2 is satisfied by setting −iτ D j = h j0 and S j−1 = i q =0 h jq /(hqτ ). We note that for the KDM this approach results in a localized expansion. Indeed, for nearest-neighbor interaction, the range of S j is at most j, thus e S is exponentially localized (similar localization is expected for short-range interactions found in our experiments.)
When τ is small, the S j operators are dominated by the (J/h) j term. Therefore, in the τ → 0 limit, the quasiconserved quantity found here for the Floquet model agrees with the prethermal quasiconserved quantity of the static Hamiltonian H (K) [44, 50] , where the expansion is a series of J/h and δH ≈ exp(−O(h/J)). In this regime, D pre = − 1 2 D z + O((J/h) 2 ), and the expansion converges for h/J 0.5 (up to truncation at exponentially large order) as shown in Ref. [50] (Note that here in experiments and simulations we used h/J = 1). Instead, for relatively larger hτ , the S j operators are dominated by (hτ ) j and δH ≈ exp(−O(1/hτ )), in agreement with the exponentially slow Floquet heating.
We numerically evaluate the convergence properties of D pre in KDM [ Fig. 7(a) ] using the same metrics as discussed in Appendix B. The series converges up to order 7 in the hτ regime we are interested in. The infinite-time autocorrelation is shown in Fig. 7(b) and (c). Compared to the prethermal Hamiltonian shown in Fig. 6(b) and (c), we find that (i) the normalized autocorrelation of D pre converges to 1 in a larger parameter range (Jτ 1.6 for D pre and Jτ 1 for H pre ) (ii) the autocorrelations show a significant drop when L is increased from 8 to 12 at Jτ 1.8 for D pre and Jτ 1.2 for H pre . Both facts suggest that D pre is more robust than H pre , in agreement with the experimental results in the main text.
We would like to point out that our prethermal expansion is a generalization of that in Ref. [44] , which required [D, e −ihZτ ] = 0 for hτ = π to realize discrete time crystals, while here we impose the stronger requirement [D,Z] = 0 and it works for generic hτ .
Supplemental
Appendix D: Experimental System, Control and Data Analysis
Experimental System
The system used in the experiment was a single crystal of fluorapatite (FAp). Fluorapatite is a hexagonal mineral with space group P 6 3 /m, with the 19 F spin-1/2 nuclei forming linear chains along the c-axis. Each fluorine spin in the chain is surrounded by three 31 P spin-1/2 nuclei. We used a natural crystal, from which we cut a sample of approximate dimensions 3 mm×3 mm×2 mm. The sample is placed at room temperature inside an NMR superconducting magnet producing a uniform B = 7 T field. The total Hamiltonian of the system is given by
The first two terms represent the Zeeman interactions of the F(S) and P(s) spins, respectively, with frequencies ω F = γ F B ≈ (2π)282.37 MHz and ω P = γ P B = (2π)121.51 MHz, where γ F/P are the gyromagnetic ratios. The other three terms represent the natural magnetic dipole-dipole interaction among the spins, given generally by
where r ij is the vector between the ij spin pair. Because of the much larger Zeeman interaction, we can truncate the dipolar Hamiltonian to its energy-conserving part (secular Hamiltonian). We then obtain the homonuclear Hamiltonians
and the heteronuclear interaction between the F and P spins,
with J jk = γ j γ k
, where θ jk is the angle between the vector r jk and the magnetic field z-axis.
The maximum values of the couplings (for the closest spins) are given respectively by J F = −32.76 krad s −1 , J P = 1.20 krad s −1 and J F P = 6.12 krad s −1 .
The dynamics of this complex many-body system can be mapped to a much simpler, quasi-1D system. First, we note that when the crystal is oriented with its c-axis parallel to the external magnetic field the coupling of fluorine spins to the closest off-chain fluorine spin is ≈ 40 times weaker, while in-chain, next-nearest neighbor couplings are 8 times weaker. Previous studies on these crystals have indeed observed dynamics consistent with spin chain models, and the system has been proposed as solid-state realizations of quantum wires [51, 53, 68] . This approximation of the experimental system to a 1D, short-range system, although not perfect has been shown to reliably describe experiments for relevant time-scales [52, 69] . The approximation breaks down at longer time, with a convergence of various effects: long-range in-chain and cross chain couplings, as well as pulse errors in the sequences used for Hamiltonian engineering. In addition, the system also undergoes spin relaxation, although on a much longer time-scale (T 1 = 0.8 s for our sample).
Error analysis
In experiments, we want to measure the correlation (δρ(t)O , where δρ(t) = U (t)δρ(0)U (t) is the nontrivial part of the density matrix evolved under a pulse-control sequence for a time t. Instead of just performing a single measurement after the sequence, we continuously monitor the free evolution of δρ(t) under the natural Hamiltonian H dip , from t to t + t FID . The measured signal is called in NMR free induction decay (FID) and a typical FID trace is shown in Fig. 9 ). This signal trace allows us to extract not only the amplitude of the correlation (from the first data point) but also its uncertainty. We take the standard deviation of the last 20 data points in the FID as the uncertainty of the (δρ(t)O . This uncertainty is used with linear error propagation to obtain the error bars of all the quantities analyzed in the main text.
Hamiltonian Engineering
In the main text we focused on the Floquet heating (Trotter error) for a periodic alternating scheme, switching between two Hamiltonians. In order to avoid longer times and/or different numbers of control opera- tions when changing the Trotter step (Floquet period), we engineered Hamiltonians of variable strengths. Then, the Hamiltonians themselves are obtained obtained stroboscopically by applying periodic rf pulse trains to the natural dipolar Hamiltonian that describes the system, and are thus themselves Floquet Hamiltonians. Since we only varied the sequences, but not the Floquet period, this step does not contribute to the behavior described in the main text, as we further investigate in A.
We used Average Hamiltonian Theory (AHT [59] ) as the basis for our Hamiltonian engineering method, to design the control sequences and determine the approximation errors. The dynamics is induced by the total Hamiltonian H = H dip + H rf , where H dip = 1 2 j<k J jk (2S j z S k z − S j x S k x − S j y S k y ) + j h j S j z is the system Hamiltonian, and H rf (t) is the external Hamiltonian due to the rf-pulses. The density matrix ρ evolves under the total Hamiltonian according toρ = −i[H, ρ]. We study the dynamics into a convenient interaction frame, defined by ρ = U rf † ρU rf , where U rf (t) = T exp[−i t 0 H rf (t )dt ] and T is the time ordering operator. In this toggling frame, ρ evolves according tȯ ρ = −i[H(t), ρ ], where H(t) = U rf † H dip U rf . Since U rf is periodic, H(t) is also periodic with the same period τ , and gives rise to the Floquet Hamiltonian, H F , as as U (τ ) = exp[−iH F τ ]. Note that if the pulse sequence satisfies the condition U rf (τ ) = 1, the dynamics of ρ and ρ are identical when the system is viewed stroboscopically, i.e., at integer multiples of τ , where the toggling frame coincides with the (rotating) lab frame.
We devised control sequences to engineer a scale-down, rotated version of the dipolar Hamiltonian [49, 50, 60] . We usually look for control sequences that would engineer the desired Hamiltonian up to second order in the Magnus-Floquet expansion. Then, to engineer the interaction D y , we use a 16-pulse sequence. The basic building block is given by a 4-pulse sequence [70, 71] originally developed to study MQC. We denote a generic 4-pulse sequence as P (τ 1 , n 1 , τ 2 , n 2 , τ 3 , n 3 , τ 4 , n 4 , τ 5 ), where n j represents the direction of the j-th π/2 pulse, and τ j 's the delays interleaving the pulses. In our experiments, the π/2 pulses have a width t w of typically 1 µs. τ j starts and/or ends at the midpoints of the pulses (see also Fig. 8 ). In this notation, our forward 16-pulse sequence can be expressed as P (τ 1 , x, τ 2 , y, 2τ 1 , y, τ 2 , x, τ 1 )P (τ 1 , x, τ 2 , y, 2τ 1 , y, τ 2 , x, τ 1 )P (τ 1 , x, τ 2 , y, 2τ 1 , y, τ 2 , x, τ 1 )P (τ 1 , x, τ 2 , y, 2τ 1 , y, τ 2 , x, τ 1 ) and the backward sequence as P (τ 3 , y, τ 3 , x, 2τ 4 , x, τ 3 , y, τ 3 )P (τ 3 , y, τ 3 , x, 2τ 4 , x, τ 3 , y, τ 3 )P (τ 3 , y, τ 3 , x, 2τ 4 , x, τ 3 , y, τ 3 )P (τ 3 , y, τ 3 , x, 2τ 4 , x, τ 3 , y, τ 3 )
where {x, y} ≡ {−x, −y}. The delays are given by τ 1 = τ 0 (1 − u), τ 2 = τ 0 (1 + 2u), τ 3 = τ 0 (1 + u), τ 4 = τ 0 (1 − 2u), where τ 0 is 5 µs in this paper. The cycle time t c , defined as the total time of the sequence, is given by τ = 24τ 0 . u is a dimensionless adjustable parameter, and is restricted such that none of the inter-pulse spacings becomes negative. To the zeroth order Magnus expansion, the above sequence realizes Hamiltonian uJ 0 D y and uJ 0 = J.
A uniform transverse field can be introduced in H (0) by phase-shifting the entire pulse sequence. Consider ro-tating the n-th cycle of the pulse sequence by (n − 1)φ around the z axis, which can be accomplished by phase shifting all the pulse directions n j in the n-th cycle by (n − 1)φ. The evolution operator for each cycle is given by where Z = j S j z . The total evolution operator over n cycles is given by the product:
where the Floquet sequence is then given by H 1 = JD y H 2 = hZ, with h = −φ/τ . The rotation approach also generates an extra term e −inφZ , this term can be canceled in MQC experiments by rotating the observable by nφ. We note that our methods can be applied more broadly to engineer desired Hamiltonians H des using only collective rotations of the spins applied to the naturally occurring Hamiltonian, H nat . The engineered Hamiltonian is obtained by piece-wise constant evolution under rotated versions of the natural Hamiltonian under the condition k R k H nat R † k = H des , where R k are collective rotations of all the spins, which achieves the desired operator to first order in a Magnus expansion. Symmetrization of the sequence can further cancel out the lowest order correction. Using only collective pulses limits which Hamiltonians can be engineered, due to symmetries of the natural Hamiltonian and the action of collective operators. For typical two-body interactions of spin-1/2, an efficient tool to predict which Hamiltonian are accessible is to use spherical tensors [72] .
